We investigate velocity hodograph inclusions for the case of righthand sides satisfying upper Carathéodory conditions. As an application we obtain an existence theorem for a boundary value problem for second-order differential inclusions on complete Riemannian manifolds with Carathéodory right-hand sides.
The velocity hodograph equation is a special integral equation in a tangent space T m 0 M to a Riemannian manifold M that can be constructed from a second order differential equation on M so that the solutions of the equations on M , starting at m 0 , are simply represented via the solutions of the velocity hodograph equation. Thus the velocity hodograph is a powerful tool for reducing equations on manifolds to equations in a single linear space.
This sort of equations was suggested in [4] and applied to the investigation of a boundary-value problem for second order differential equations on Riemannian manifolds. In [3] the construction was generalized to the case of second order differential inclusions with bounded upper semicontinuous right-hand sides on complete Riemannian manifolds and applied to a boundary value problem for mechanical systems with discontinuous forces on nonlinear configuration spaces. There the hodograph equation was replaced by the corresponding inclusion that we call the velocity hodograph inclusion. A detailed description can be found in [5] .
Independently the same sort of inclusion was considered in [7] for a particular case of the Euclidean space but with a more general sort of righthand sides that might not be jointly upper semicontinuous but satisfied upper Carathéodory conditions.
In this paper we present a generalization of both [3] and [7] : we deal with the velocity hodograph inclusions on complete Riemannian manifolds and with right-hand sides satisfying upper Carathéodory conditions. We describe all constructions within the proof of an existence theorem for solutions of the boundary value problem for second order differential inclusions with upper Carathéodory conditions on complete Reimennian manifolds. They have the physical meaning of equations of motion for complicated mechanical systems on nonlinear configuration spaces. Notice that for such spaces the boundary value problem may not be solvable even in the case of single-valued smooth bounded right-hand sides if the points are conjugate along all geodesic curves that join them. For non-conjugate points the solution may not exist on large time intervals (see details in [5] ).
Basic facts from the theory of set-valued maps can be found in [2] and [6] and from geometry of manifolds -in [1] .
Let I ⊂ R be an interval and M be a complete Riemannian manifold. Denote by T M the tangent bundle of M and by T m M the tangent space at m ∈ M . Consider m 0 ∈ M and let v : I → T m 0 M be a continuous curve.
Theorem 1 (see, e.g., [5] ). There exists a unique
Indeed, the curve γ is represented as
, where δ is Cartan's development (see, e.g., [1] ) and δ −1 is its inverse map developing 
is well posed. It is shown, e.g., in [5] that S is a homeomorphism between C 0 (I,
Lemma 3 (see, e.g., [5] ). 
(t),ṁ(t)) = α(t, m(t),ṁ(t)).
Specify a vector C in T m 0 M and consider the integral equation
It is shown, e.g., in [5] that (1) is the integral form of the second Newton's law, that is, its solution is a solution of the equation Let m(t), t ∈ I, satisfy the above Newton's law, i.e., it is a solution of (1).
D dtṁ (t) = α(t, m(t),ṁ(t) (where

Definition 5. The velocity hodograph of the trajectory m(t) is the curve v : I → T m 0 M such that v(t) is parallel toṁ(t) along m(·) at any t ∈ I.
It is not hard to see that the velocity hodograph of a solution of (1) satisfies the equation
It is obvious that if v is a solution of (2), then Sv is a solution of (1), i.e., it satisfies the Newton's law (see [5] for details).
Suppose that for all m ∈ M we have a set-valued mapping F (m) : I × T m M → 2 TmM with closed, convex and bounded images, i.e., for all t ∈ I and X ∈ T m M a certain set F (m)(t, X) ⊂ T m M is given. This family of maps for all t ∈ I, m ∈ M and X ∈ T m M forms the set-valued map F : I × T M → T M that is denoted by F (t, m, X) (the pair (m, X) is a point of the tangent bundle T M , i.e., X ∈ T m M ). This map is a set-valued vector field of special type on M that is called set-valued force field.
Consider the second order differential inclusion
where D dt is the covariant derivative of Levi-Civitá connection on M . Inclusion (3) is a geometrically invariant form of the second Newton's law for mechanical system with a set-valued force F . 
satisfies upper Carathéodory conditions. P roof. The first condition -measurability on t at any v(·) specifiedfollows from the fact, that the composition of measurable F and continuous S and Γ is a measurable map.
Since F (t, m, X) is upper semicontinuous in (m, X) and the operator Denote by
the set of all measurable selections of the set-valued map
and consider the set of integrals with a variable upper limit of those selections, denoted by P ΓF (t, S(v(t)),
Thus we have constructed the mapping 
Lemma 10. The mapping P ΓF (t, S(v(t)),
S(v(t))). Hence, all continuous curves u(·) ∈ ∪ v∈U K P ΓF t, S(v(t)), d dt S(v(t)) dt
are uniformly bounded and equicontinuous.
Lemma 11. The mapping P ΓF (t, S(v(t)), d dt S(v(t)))dt is upper semicontinuous.
